A condition is given on integers of the form 2p for p a prime so that the elliptic curve y 2 = x 3 − 2px has rank three.
where T is a finite group (the torsion subgroup) and r is a non-negative integer called the Mordell-Weil rank of E. The purpose of this paper is to give a condition under which the rank r of the curve y 2 = x 3 − 2px is equal to 3, the maximal rank for this type of curve. This condition requires that we represent 2p by a polynomial in two variables. We give the complete group structure for these curves. Elliptic curves of the form y 2 = x 3 − px were considered in [2] and [4] .
Theorem. Let p be a prime number such that
for some integers u and v. Then Proof. The calculation of the rank of Γ uses a method which is described in [3, pp. 89-94] .(see also [1] ) Let Q * be the multiplicative group of non-zero rational numbers and let Q * 2 denote the subgroup of squares of elements of Q * . We make use of the group homomorphism α from Γ to Q * /Q * 2 defined as follows.
The group α(Γ) consists modulo Q Simultaneously we study a second curve
byĒ with group of rational points Γ. In an analogous manner, we introduce a second group homomorphismᾱ fromΓ to Q * /Q * 2 defined bȳ
The groupᾱ(Γ) consists modulo Q * 2 of 1, a 2 − 4b, and all divisors b 1 of a 2 − 4b such that b 1 ≡ 1, a 2 − 4b(mod Q * 2 ) and for which the equation
The rank r of the given curve E satisfies
To determine the order of α(Γ) (orᾱ(Γ)) we consider only enough of the equations
that combined with the group structure of α(Γ) (orᾱ(Γ)) the order of these groups is completely determined. We begin by calculating |α(Γ)| . For our given elliptic curve E, we have a = 0 and b = −2p. Modulo Q * 2 , α(Γ) contains 1, −2p together with a subset of {−1, 2, − 2 , p, − p, 2p} . We give solutions of two equations
The equations and their solutions are given in the table below. The GCD conditions are checked by noting that e = 1 or M = 1 and observing that (u, v) = 1 and u is odd if the condition of the theorem holds. Some of the GCD conditions can be examined efficiently by using resultants. For example when b 1 = −1, suppose we want to confirm that (M, N) = 1. Referring to the table below for the expressions for M and N, a calculation shows that the resultants of M and N with respect to u, then v are 2 8 v 8 and 2 8 u 8 . Any common prime divisor of M and N would divide both of these. Since (u, v) = 1, this common prime divisor would have to be 2. However this is impossible as u is odd so that M is odd resulting in (M, N) = 1.
Equations for
We conclude that α(Γ) contains {1, −2p, −1, p} . Modulo Q * 2 this set of 4 elements generates a group which is all of {1, −2p,
Next we calculate ᾱ(Γ) . For our elliptic curveĒ we have a 2 − 4b = 8p. Following the same method as the first part of the proof we make use of the fact that modulo Q (1) we conclude that the rank r satisfies
so that r = 3. The calculation of the torsion subgroup T is achieved using reduction modulo primes. The discriminant for the curve y 2 = x 3 − 2px equals 2 5 p 3 and p = 41 is the smallest prime to which the hypothesis of the theorem applies. Therefore we deduce that 3 and 5 cannot divide 2 5 p 3 so they are primes of good reduction. Modulo 3, y 2 = x 3 − 2px reduces to either y 2 = x 3 − x or y 2 = x 3 − 2x, each of which has four points over the finite field F 3 . Modulo 5, y 2 = x 3 − 2px reduces to y 2 = x 3 − 2x and it is easy to check that y 2 = x 3 − 2x has ten points over F 5 . Since |T | divides both 4 and 10, we conclude that |T | ≤ 2. However (0, 0) is a point of order two so T Z/2Z as required. 
